Introduction
Suppose A is an abelian variety defined over a field F , ℓ is a prime number, and ℓ = char(F ). Let F s denote a separable closure of F , let T ℓ (A) = lim ← A ℓ r (the Tate module), let V ℓ (A) = T ℓ (A) ⊗ Z ℓ Q ℓ , and let ρ A,ℓ denote the ℓ-adic representation
If L is an extension of F in F s , let G L,A denote the image of Gal(F s /L) under ρ A,ℓ . Let G ℓ (F, A) denote the algebraic envelope of the image of ρ A,ℓ , i.e., the Zariski closure of G F,A in Aut(V ℓ (A)) ∼ = GL 2d (Q ℓ ), where d = dim(A).
Let F Φ,ℓ (A) be the smallest extension F ′ of F such that G ℓ (F ′ , A) is connected. We call this extension the ℓ-connectedness extension, or connectedness extension.
The algebraic group G ℓ (F, A) and the field F Φ,ℓ (A) were introduced by Serre ( [15] , [16] , [17] ), who proved that if F is a global field or a finitely generated extension of Q, then F Φ,ℓ (A) is independent of ℓ (see also [6] , [7] , [8] ). In such cases, we will denote the field F Φ,ℓ (A) by F Φ (A). For every integer n ≥ 3 we have F Φ (A) ⊆ F (A n ) (see [2] , [1] , Proposition 3.6 of [3] , and [23] ). Larsen and Pink [8] recently proved that for every integer n ≥ 3,
In [23] we found conditions for the connectedness of G ℓ (F, A), while in [24] we used connectedness extensions and Serre's ℓ-independence results to obtain ℓ-independence results for the intersection of G ℓ (F, A)(Q ℓ ) with the torsion subgroup of the center of End(A) ⊗ Q.
Let F (End(A)) denote the smallest extension of F over which all the endomorphisms of A are defined. Then (see Proposition 2.10 of [23] ),
Therefore, G ℓ (F, A) fails to be connected when the ground field is not a field of definition for the endomorphisms of A. For example, if F is a subfield of C, and A is an elliptic curve over F with complex multiplication by an imaginary quadratic field K which is not contained in F , then F = KF = F (End(A)) ⊆ F Φ,ℓ (A). More generally, if A is an abelian variety of CM-type, andK is the reflex CM-field, then F (End(A)) ⊇K; ifK is not contained in F then F = F (End(A)) ⊆ F Φ,ℓ (A). It is therefore natural to enlarge the ground field F so that it is a field of definition for the endomorphisms of A.
By enlarging the ground field, we may assume that F = F (End(A)) = F Φ,ℓ (A). We then consider the F -forms B of A such that F = F (End(B) ). For such B, we describe the connectedness extensions F Φ,ℓ (B)/F (see §3, especially Theorem 3.1 and Corollary 3.2). Properties of Mumford-Tate groups given in §2 allow us to obtain explicit information about the connectedness extensions F Φ,ℓ (B)/F under additional conditions (see Theorems 3.4 and 3.5). Our conditions in Theorems 3.4 and 3.5 are based on Weil's philosophy in [25] whereby exceptional Hodge classes arise from certain abelian varieties that have a CM-field embedded in their endomorphism algebras. In §4 we use the results of §3 to explicitly compute nontrivial connectedness extensions in special cases. Acknowledgments: The authors would like to thank the Mathematische Institut der Universität Erlangen-Nürnberg for its hospitality.
Definitions, notation, and lemmas
Let Z, Q, and C denote respectively the integers, rational numbers, and complex numbers. If r is an integer, then Q(r) denotes the rational Hodge structure of weight −2r on Q (see §1 of [4] ). If a and b are integers, let (a, b) denote the greatest common divisor of a and b. If F is a field, let F s denote a separable closure of F and letF denote an algebraic closure of F . If A is an abelian variety over a field F , write End F (A) for the set of endomorphisms of A which are defined over F , let End(A) = End F s (A), and let End 
Proof. Since A and B are isomorphic over L, and G ℓ (F, A) is connected, we have 
Proof. The cocycle c defines an isomorphism f : Proof. Since Gal(F s /F ) acts trivially on End(A), the cocycle c is a homomorphism. Let f : A → B be the isomorphism induced by c. Then
Remark 2.6. If an abelian variety B over F is the twist of an abelian variety A by c ∈ H 1 (Gal(F s /F ), Aut(A)) then one may easily check that the Galois module B(F s ) is the twist by c of the Galois module A(F s ), and therefore the Galois module V ℓ (B) is the twist by c of the Galois module V ℓ (A).
We define the Mumford-Tate group of a complex abelian variety A (see §2 of [13] or §6 of [26] ). If A is a complex abelian variety, let V = H 1 (A(C), Q) and consider the Hodge decomposition
Define a homomorphism µ : G m → GL(V ) as follows. For z ∈ C, let µ(z) be the automorphism of V ⊗ C which is multiplication by z on H −1,0 and is the identity on H 0,−1 .
Definition 2.7. The Mumford-Tate group M T A of A is the smallest algebraic subgroup of GL(V ), defined over Q, which after extension of scalars to C contains the image of µ.
It follows from the definition that M T A is connected. Define a homomorphism ϕ : G m × G m → GL(V ) as follows. For z, w ∈ C, let ϕ(z, w) be the automorphism of V ⊗ C which is multiplication by z on H −1,0 and is multiplication by w on H 0,−1 . Then M T A can also be defined as the smallest algebraic subgroup of GL(V ), defined over Q, which after extension of scalars to C contains the image of ϕ. The equivalence of the definitions follows easily from the fact that H −1,0 is the complex conjugate of H 0,−1 . (See §3 of [14] , where M T A is called the Hodge group. See also §6 of [26] .) If A is an abelian variety over a subfield F of C, we fix an embedding ofF in C. This gives an identification of V ℓ (A) with H 1 (A, Q) ⊗ Q ℓ , and allows us to view
. The Mumford-Tate conjecture for abelian varieties (see [14] ) may be reformulated as the equality of Q ℓ -algebraic groups,
In §3 it will be helpful to use a slightly different version of the Mumford-Tate group, as defined by Deligne (see p. 43 and pp. 62-63 of [4] ). We will denote this group M T A . (See also pp. 466-467 of [9] for a comparison between M T A and
, and we obtain a canonical action of
, since V is a polarized Hodge structure of weight −1.) Definition 2.9. The group M T A is the subgroup of GL(V ) × G m consisting of the elements which fix all rational tensors of bidegree (0, 0) belonging to any T .
Lemma 2.10 (Proposition 3.4 of [4]). The algebraic group M T
A is the smallest algebraic subgroup of GL(V ) × G m defined over Q which, after extension of scalars to C, contains the image of (µ, id) :
If F is a field and ℓ is a prime number different from char(F ), let
denote the cyclotomic character. If r is an integer, then the Gal(F s /F )-module Q ℓ (r) is the Q ℓ -vector space Q ℓ with Galois action defined by the character χ r ℓ . We have Q ℓ (r) = Q(r) ⊗ Q Q ℓ (see §1 of [4] ). Suppose A is an abelian variety over
If A is a complex abelian variety, then a polarization on A (i.e., the imaginary part of a Riemann form) produces an element E of Hom(∧ 2 V, Q(1)) which is a rational tensor of bidegree (0, 0). If A is an abelian variety over an arbitrary field F , then a polarization on A defined over F defines a Gal(
IfF is a subfield of C, and we fix a polarization on A defined over F , then the line generated by E ℓ in Hom(∧ 2 V ℓ , Q ℓ (1)) is the extension of scalars to Q ℓ of the line generated by E in Hom(∧ 2 V, Q(1)). (See p. 237 of [11] , especially the last sentence.) The following result implies that the projection map GL(V ) × G m → GL(V ) induces an isomorphism from M T A onto M T A . Since we were not able to find a proof in the literature, we have included one for the benefit of the reader. 
Proof. Let π 1 and π 2 denote the projection maps from GL(V ℓ ) × G m onto GL(V ℓ ) and G m , respectively. By the definitions, G ℓ (F, A) is the image ofG ℓ (F, A) under π 1 . Fix a polarization on A defined over F . The polarization generates a line D ℓ in the Q ℓ -vector space Hom( 
We state a reformulation of Theorem 2.8, which we will use in §3.
Theorem 2.14. If A is an abelian variety over a finitely generated extension F of
Proof. The result follows directly from Theorem 2.8 and Propositions 2.12 and 2.13.
Connectedness extensions
Theorem 3.1. Suppose A is an abelian variety over a field F , ℓ is a prime number not equal to char(F ),
is a homomorphism, B is the twist of A by the cocycle determined by c, and
Then: (i) c induces an isomorphism
Gal(F Φ,ℓ (B)/F ) ∼ = Im(c)/(Im(c) ∩ G ℓ (F, A)(Q ℓ )), (ii) G ℓ (F, B
) is connected if and only if
Im(c) ⊆ G ℓ (F, A)(Q ℓ ), (iii) if M is the abelian extension of F in F s cut
out by c, then c induces an isomorphism
Proof. By Lemma 2.2ii, F Φ,ℓ (B) ⊆ M . The character c induces isomorphisms
By Lemma 2.2i, we have G ℓ (F, B) 0 ∼ = G ℓ (F, A), and the result follows.
Corollary 3.2. Suppose A is an abelian variety over a field F , ℓ is a prime number not equal to char(F ), B is the twist of A by a cocycle
and F = F (End(A)) = F Φ,ℓ (A) = F (End(B)).
Then: (i) c is a character with values in Z ×

A (where Z A denotes the center of End(A)), (ii) c induces an isomorphism
Gal(F Φ,ℓ (B)/F ) ∼ = Im(c)/(Im(c) ∩ G ℓ (F, A)(Q ℓ )), (iii) G ℓ (F, B
) is connected if and only if
Im(c) ⊆ G ℓ (F, A)(Q ℓ ), (iv) if M is the abelian extension of F in F s cut
out by c, then c induces an isomorphism
Proof. By Lemma 2.5 and the assumption that F = F (End(B)), we have (i). The result now follows from Theorem 3.1. Suppose A is an abelian variety defined over a field F of characteristic zero, k is a CM-field, ι : k ֒→ End 0 F (A) is an embedding, and C is an algebraically closed field containing F . Let Lie(A) be the tangent space of A at the origin, an F -vector space. If σ is an embedding of k into C, let
Writeσ for the composition of σ with the involution complex conjugation of k. Although we do not use this fact, we remark that (A, k, ι) is of Weil type if and only if ι makes Lie(A)⊗ F C into a free k ⊗ Q C-module (see p. 525 of [13] for the case where k is an imaginary quadratic field). Using the semisimplicity of the F -algebra k ⊗ Q F and the C-algebra k ⊗ Q C, one may easily deduce that ι makes Lie(A) ⊗ F C into a free k ⊗ Q C-module if and only if ι makes Lie(A) into a free k ⊗ Q F -module.
Suppose (A, k, ι) is of Weil type, and we have an element of
which is represented by a cocycle c with values in the center of End 0 (A). Let B be the twist of A by c, and let ϕ be the isomorphism from End 
Proof. The Galois module V ℓ (B) is the twist of V ℓ (A) by c (see Remark 2.6). By applying Corollary 2.4 to the cocycle induced by c, we deduce (i) and we obtain an isomorphism ϕ from End
where Hom E means homomorphisms of E-vector spaces, if E is a field. Then W U is a one-dimensional k-vector space and W U,ℓ is a free rank-one k ℓ -module. The
Consider the action of the Galois group Gal(F /F ). The Galois module W B,ℓ is the twist of the Galois module W A,ℓ by the character c −r . Since n does not divide r, this is a non-trivial twist, so the Galois modules W B,ℓ and W A,ℓ cannot be simultaneously trivial.
By pp. 52-54 of [4] (see also Lemma 2.8 of [10] and p. 423 of [25] ), the elements of W U are Hodge classes (since we are dealing with abelian varieties of Weil type). Since M T U acts trivially on the Hodge classes, M T U,ℓ (Q ℓ ) acts trivially on W U,ℓ = W U ⊗ Q Q ℓ . Suppose now that G ℓ (F, A) and G ℓ (F, B) are both connected. Theñ G ℓ (F, A) andG ℓ (F, B) are both connected (by Proposition 2.13i). It follows from Theorem 2.14 thatG ℓ (F, U ) ⊆ M T U,ℓ . Therefore, W B,ℓ and W A,ℓ are both trivial as Gal(F /F )-modules. This is a contradiction. We therefore have (ii).
Suppose that
denote the group of s-th roots of unity in k × . We have
. Then α n = 1. By Theorem 2.8 and the facts that
0 and α ∈ End 0 (A), we have α ∈ M T A (Q). Applying the character γ of Theorem 2.12, we have that γ(α) is an n-th root of unity in Q × , and therefore γ(α) is 1 or −1. By the definition of W A,ℓ , α acts on W A,ℓ as multiplication by α −r γ(α) −r/2 . Since α ∈ M T A,ℓ (Q ℓ ), α acts trivially on W A,ℓ . Therefore α −r γ(α) −r/2 = 1, so α 2r = 1. Let t = (n, 2r). Then 
Viewing the Tate modules as free k ℓ -modules, we have
The Galois module V ℓ (Y c ) is the twist of the Galois module V ℓ (Y ) by the character c (see Remark 2.6), and the Galois module W B,ℓ is the twist of the Galois module W A,ℓ by c −1 = c. Since c is non-trivial, the Galois modules W B,ℓ and W A,ℓ cannot be simultaneously trivial. As in the proof of Theorem 3.4, it follows that G ℓ (F, A) and G ℓ (F, B) cannot both be connected. If
is connected, and so F Φ (B) must be the quadratic extension M of F . Remark 3.6. Suppose F is a subfield of C, Y is an elliptic curve over F with complex multiplication by an imaginary quadratic field K, and X is an absolutely simple 3-dimensional abelian variety over F with K embedded in its endomorphism algebra. Then we can always ensure (by taking complex conjugates if necessary) that the two embeddings of K into C occur with the same multiplicity in the action of K on the tangent space of the 4-dimensional abelian variety A = X × Y . Note that the hypotheses of Theorem 3.5 (or of Theorem 3.4) cannot be simultaneously satisfied with dim(A) < 4. In Example 4.2 we exhibit 4-dimensional abelian varieties satisfying the hypotheses of Theorem 3.5.
Examples
Using Theorems 3.4 and 3.5, we can construct examples of abelian varieties B such that G ℓ (F, B) is disconnected, and compute the connectedness extensions. 4.1. Example. Let k = Q( √ −3) and let K be the CM-field which is the compositum of Q( √ −3) with the maximal totally real subfield L of Q(ζ 17 ). Then
Let O K denote the ring of integers of K. Let (A, ι K ) be an 8-dimensional CM abelian variety of CM-type (K, Ψ) constructed from the lattice O K as in Theorem 3 on p. 46 of [20] , and defined over a number field F (this can be done by Proposition 26 on p. 109 of [20] ). Then A is absolutely simple, by the choice of Ψ and Proposition 26 on p. 69 of [20] , and End(A) = O K (see Proposition 6 on p. 42 of [20] ). Further, the reflex field of (K, Ψ) is K. Take the number field F to be sufficiently large so that F Φ (A) = F . Let ι be the restriction of ι K to k. By the definition of Ψ, if σ ∈ Gal(k/Q) = Hom(k, C) then n σ = 4. Therefore (A, k, ι) is of Weil type. Let c : Gal(F /F ) → k × be a non-trivial cubic character associated to a cubic extension M of F , and let B denote the twist of A by c. Applying Theorem 3.4iii with n = 3 and r = 8, then F (End(B)) = F and F Φ (B) = M .
4.2.
Example. Let J be the Jacobian of the genus 3 curve
and let E be the elliptic curve X 0 (49). A model for E is given by the equation
The abelian varieties A (d) are defined over Q. Let ζ 7 be a primitive seventh root of unity and let
.
The abelian variety J is a simple abelian variety with complex multiplication by K, and the elliptic curves E (d) have complex multiplication by the subfield k of K. We have Gal(K/Q) = {σ 1 , ..., σ 6 } where σ i (ζ 7 ) = ζ i 7 . The CM-type of J is (K, {σ 1 , σ 2 , σ 3 }) (see p. 34 of [5] or §15.4.2 of [20] ), and the reflex CM-type is (K, {σ 4 , σ 5 , σ 6 }) (see §8.4.1 of [20] ). We can identify End(A (d) ) with the direct sum of End(J) and End(E (d) ). By Proposition 30 on p. 74 of [20] , the smallest extension of Q over which all the elements of End(J) are defined is the reflex CM-field of the CM-type of J, which is K. Similarly, k is the smallest extension of Q over which all the elements of End(E (d) ) are defined. We therefore have
Next, we will prove that Proof. We have −1 − ζ 7 = (1 − ζ × is surjective, since −1 − ζ 7 maps to −2, a generator of (Z/7Z) × . Moreover, the class number of K is one. Therefore by class field theory, there is no non-trivial abelian extension of K of degree prime to 7 and unramified away from the primes above P. away from the primes above 7. By Lemma 4.2.2, we have K ′ = K. As mentioned in the introduction, for every integer n ≥ 3 we have
We therefore obtain K = K Φ (A) = Q Φ (A).
It follows from Theorem 3.5 that 
